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Infinite Graphs with a Nontrivial Bond Percolation
Threshold: Some Sufficient Conditions
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We consider Bernoulli bond percolation on infinite graphs and we identify a
class of graphs for which the critical percolation probability is strictly less than 1.
The graphs in this class have to fulfill conditions stated in terms of a minimal
cut set property and a logarithmic isoperimetric inequality. For the particular
case of planar graphs the condition on minimal cut sets can be be replaced by
the assumption that the dual of the graph is bounded degree.
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1. INTRODUCTION

Percolation on the hypercubic d-dimensional lattice Z¢ is a widely inves-
tigated subject and its connection with statistical mechanics has been
exploited since a long time. However, only in recent years there has been an
increasing interest about percolative processes on general graphs. Rigorous
results about percolative processes beyond Z? were first obtained in the
early nineties on regular tree or tree-like graphs.®®'"' In 1996 Benjamini
and Schramm® proposed a comprehensive study of percolation on general
graphs, with special focus on Cayley graphs, quasi-transitive graphs and

! Departamento de Matematica, UFMG, Caixa Postal 1621, 30161-970 Belo Horizonte, MG,
Brazil.

2 Dipartimento di Matematica Universita di Roma “Tor Vergata,” Via della Ricerca Scienti-
fica, 00133 Roma, Italy; e-mail: scoppola@mat.uniroma2.it

1113

0022-4715/04/0500-1113 /0 © 2004 Plenum Publishing Corporation



1114 Procacci and Scoppola

planar graphs. In this work the authors proposed several conjectures, and
in particular they raised the question to establish the class of graphs which
exhibit a non trivial critical percolation probabilility p,. They proved in
particular that p, <1 for graphs with positive Cheeger constant (trees are
in this class of graphs) and they conjectured that p. <1 for a quite large
class of quasi-transitive graphs, i.e., Cayley graphs of finitely generated
infinite groups which are not a finite extension of Z (most of the regular
lattices fall in this class). This seminal work has been followed by several
papers. In particular, the conjecture above about Cayley graphs has been
shown to be true in the papers.®'®2) The study of percolation on quasi-
transitive graphs has also been further deepened in refs. 3, 4, and 14.
Moreover, the investigation of percolation process (and other probabilistic
and/or statistical mechanics processes) on tree-like graphs and, in general,
on non-amenable graphs (e.g., graphs with non-zero Cheeger constant) has
been continued in several works, see, e.g., refs. 7, 13, 15, 16, 20, 25, and 26.

On the other hand, the question related to the geometric/topological
structure that a general graph must possess in order to exhibit a non trivial
threshold for bond percolation probability gained importance due to
ref. 12, which showed that p.(G) <1 is equivalent to the existence of a
phase transition for several other statistical-physics models on G. E.g., if G
is a bounded degree graph then p, < 1 also implies that the Ising model on
G exhibits a phase transition. Similar results were also given in refs. 8, 23,
and 24.

In the present paper we make some improvement in this direction, by
establishing a previously unknown class of infinite graphs with a non trivial
bond percolation threshold. Graphs G in this class have to be bounded
degree and to fullfill the following properties:

(1) An isoperimetric inequality, stating that the edge boundary of
any connected set in G, rooted in a fixed vertex, has to increase at least as
the logarithm of the diameter of the set.

(i) A minimal cut set property, stating that the cut sets of G are
r-connected for some constant r.

In the special case of planar graphs the assumption that the graph is
bounded degree can be relaxed and it is enough to assume the graph just
locally finite. Moreover for planar graphs (ii) can be replaced by the
assumption that the dual of the graph is bounded degree, i.c., that the faces
of the graph have a number of edges uniformly bounded.

As we shall see in Section 5, within this class of planar graphs we
identify a class ¢ which includes all the 1-skeletons of the normal tilings of
the plane.
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2. DEFINITIONS AND NOTATIONS

Let V' be a finite or countable set, then |V| is denoting the cardinality
of V. We denote by P,(V') the set of all subsets U < V' such that |U| =2
A graph is a pair G = (V, E) with V' being a countable set, and E < P,(V).
The elements of V' are called vertices of G and the elements of E are called
edges of G. A graph G = (V, E) is finite if |[V| < oo, and infinite otherwise.
Let G=(V,E) and G'=(V', E') be two graphs. Then GU G' =V LUV,
EVE). If V'V and E' < E, then G' is a subgraph of G, written as
G cG.

Two vertices x and y of G are adjacent if {x, y} is an edge of G. The
degree d,. of a vertex x eV in G is the number of vertices y adjacent to x.
A graph G = (V, E) is locally finite if d,, < + oo for all x € V', and it is bounded
degree, with maximum degree A, if max,..,{d,} <4< oo.AgraphG = (V, E)
is connected if for any pair B, C of subsets of V' such that Bu C =V and
BN C=(J, there is an edge e € E such that en B# J and e C # .
Unless otherwise stated, the graphs considered hereafter are connected.

A path in a graph G is a sub-graph t = (V, E,) of G such that

I/r = {xla x29~-9 xn} Ez = {{xl’ x2}9 {XZa x3}a--’a {xn—ls xn}}

where all x; are distinct. The vertices x; and x, are called end-vertices of
the path, while the vertices x,,..., x,_; are called the inner vertices of 7 and
we say that 7 connects (or links) x; to x,, (as well as 7 is a path from x,;
to x,). The length |7| of a path 7= (V,, E,) is the number of its edges, i.e.,
|| = |E,|.

Given a graph G = (V, E) and two distinct vertices x, y € V, we denote
by 27 the set of all paths in G connecting x to y. The distance d;(x, y) in
G between x and y is the number dg(x, y) = min{|z|: € 2§ }. Note that
dg(x, y) =1 if and only if {x, y} € E. Given two edges e and ¢’ of G, we
define dg(e, ') =min{d;(x, y): x€e,yee'}. If S, RV then dg(S, R) =
min{d;(x, y):x€S,yeR}. If F,HcE then dy(F, H)=min{dg(e,e'):
ecF, e eH}.

Let G = (V, E) be an infinite graph. A ray p=(V,, E,) in G is an infi-
nite sub-graph of G such that

V, ={x1, Xp5eees Xp...} = {{x1, X2}, {X25 X3 }seees {Xu_1s Xp }oeer}

where all x; are distinct. The vertex x, is called the starting vertex of the ray
and we say that p starts at x,. We denote by #Z the set of all rays in G
starting at x. A geodesic ray in G is a ray p such that, if V,=
{X05 X1s Xpyeuus Xy}, then dg(x,, x,) =n for all n e N.
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Let p and p’ be two geodesic rays starting at x with vertex sets V, =
{x=xo, X1, X500, X} a0d V= {X =y, ¥1, V2,-e0s Yu»eoo} respectively. If
V, and ¥V, are such that d;(x,, y,) =n+m for any {n,m} e N, then the
union d = p U p' is called a a geodesic diameter (or bi-infinite geodesic) in G.

Given G = (V, E) connected and RV, let E|, ={{x,y}€e E:x€R,
y € R} and define the graph G| = (R, E|). Note that G| is a sub-graph
of G. We call G| the restriction of G to R. We say that RcV is connected
if G|z is connected. For any non empty R <V, we further denote by J,R
the (edges) boundary of R defined by

O,R={ecE:lenRl=1} 2.1
If R <V we denote

diam(R) = sup ds(x, y)

{x.y}<R

If xeV we denote B(x, r,) the ball of radius r, and center at x, namely
B(x,ry)={yeV :dg(x,y)<ry}.

A graph is planar if it can be drawn in a plane without edges crossing.

It is possible for a planar graph G = (V, E) to define the dual graph
G*=V* E™) in the following way: let a face of a planar graph be each
simply connected region of the plane delimited by the edges of G. Now take
as set of the vertices V* of G* the set of the faces of G; two faces in V'*
forms an edge e* € E* if they have an edge e € E in common. With this
definitions, each edge e* € E* cuts exactly one edges e € E and viceversa,
i.e., there is a one-to-one correspondence between edges in £ and edges
in E*. Given y € E we denote by y* = E* the unique set in E* associated
to y by such one-to-one correspondence. Note also that the possibility
e*={z, z} with zeV* is not excluded; it occurs whenever e = {x, y} with
d,=1.

3. CUT SETS, MINIMAL CUT SETS, AND PEIERLS CONTOURS ON
INFINITE GRAPHS

In order to apply a Peierls type argument for percolation on general
graphs we need to introduce the concept of cut sets and minimal cut sets of
a graph. Such cut sets may be regarded as the generalization of the concept
of Peierls contours used in the d-dimensional Ising model.

Hereafter G = (V, E) will denote a locally finite infinite connected
graph.
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A set yc [ is called a cut set if the graph G, = (V, E—y) is discon-
nected. A cut set y < E is called a minimal cut set if for all e € y the set y—e
is not a cut set. A finite minimal cut set y < E in G have the following

property.

Proposition 1. Let y be a finite minimal cut set in G = (V, [E), then
it may occur only one of the following two possibilities:

(i) G, has no finite connected components,

(i) G, has one and only one finite connected component 4, =
(I, E,) with E, = E|,; ) and y = 0.1,.

Proof. Let us denote by G;* = (V;*, E;™) the union of all infinite
components of G,. Let now G‘“‘ be the graph with vertex set 7, =V — V5
and with edge set E,=E—(yU E). If I, = & (and consequently E, = (¥)
then G, has no finite connected components and we are in the case (i).
Assume that I, # . In this case G/™ must be connected since by definition
of minimal cut set, for any edge e €y, the graph (VS* UL, Ej* UE, Ue)
= (V, E—(y—e)) is connected and this would not be possible if G™* is done
by more than one connected components. Finally, the 1dent1ty E, =,
follows immediately from the fact that E, UES* Uy=E. ||

If case (ii) occurs we say that y is a Peierls contour. In this case the set
I, <V is called the interior of y and the graph A4, uniquely determined by y,
is called the animal associated to the Peierls contour y. We say that a Peierls
contour y surrounds x € V' if x € I,. Peierls contours in G have the following

property.

Proposition 2. Let y be a Peierls contour in G surrounding x, then
for any ray p = (V,, E,) in G starting at x we have that E, Ny # (.

Proof. Suppose by absurd that E, Ny = . Then E, = E}, U E with
E,cE,and E} c [Eext where Ge"t = (\/ext HE;’“) is some (infinite) connected
component of Ge"‘ The case E =g Would imply that E, c E, which is
impossible since E is infinite and E, is finite. The case E, !' = ¥ is impos-
sible since no edge in E has x as one of its end-points. Flnally the last
case E, ! # & and E, 2+ Q is impossible since otherwise 4, U G“‘ would be
connected which contradlcts Proposition 1. |

We denote by I the set of all Peierls contours in G and by I'g the set
of Peierls contours in G surrounding x. There is clearly a one-to-one cor-
respondence between Peierls contours and connected finite sets in G.
Namely, if ©5 denotes the set of all connected and finite subsets of V, then
Proposition 1 implies immediately that the map y — I, is bijection from I
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into @g. As a matter of fact, if R < V is connected and finite, then J,R is a
Peierls contour with interior R.

4. BERNOULLI PERCOLATION ON G AND THE PEIERLS
ARGUMENT

A percolation process on G is defined as follows. Suppose that each
edge in G can have two possible states. Namely an edge e € E can be either
open or closed. A configuration of the system is a function w: E— {0, 1}
assigning to each edge e € E either the value 1 (open edge) or 0 (closed
edge). Let Q be the set of all configurations of the system.

In the Bernoulli bond percolation, the edges of G are open with inde-
pendent probability p and closed with independent probability 1— p. The
product measure of the configurations of edges is denoted by P,.

Let C(x) be the open cluster of the vertex x, namely C(x) is the con-
nected set of open edges (possibly empty) containing x. Then define

6.(p) = P,{C(x) is infinite} 4.1
and the critical probability of percolation on G as

p. =sup{p: 0.(p) =0} 4.2

We recall that by FKG inequality p, is independent of the choice of the
vertex x (see, e.g., Theorem 2.8 in ref. 9).

Let ye Iz be a Peierls contour, we denote by S, the subset of V
defined as S, = {x € V : x € e for some e € y} and call it the support of y.

Let W c I, and define L(W) = supy, ,w, -w de (W), W,). Aset W e Eis
r-close if L(W) <r.

A graph G has the minimal cut set property if it exists r, < oo such that
any minimal cut set y is ry-close.

When G is planar, if y € I'g is a Peierls contour then its dual y* = E* is
a simple cycle in G*, i.e., a path in G* that starts in a vertex of V* and ends
in the same vertex and doesn’t repeat a vertex except for the first and last.

It is now easy to state the Peierls argument for our percolation process
on G. Consider

Now observe that for any configuration w such that |C(x)| < oo it exists at
least a Peierls contour y of closed edges surrounding x. The probability of
such Peierls contour y is simply (1 — p)". Hence

1-0.(pp< X (I-p=% (1-p" } 1 (4.3)

yelg n>1 Ja
[yl=n
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Therefore in order to prove that p. < 1 one has simply to show that it exists
a constant K such that, forallne N

Y 1<K" 4.4
yelg
l=n

It is important to remark that the techniques developed in refs. 7 and
22 could be used also to further prove (easily) that the function 6, (p) is
actually analytic in the neighborhood of p =1 and so are the finite connec-
tivity functions.

5. RESULTS

We will prove in this section three theorems. The first one is an easy
consequence of the results in Section 4 of ref. 2 and identify a class of
bounded degree graphs for which p. < 1. Note that for our purposes the
conditions listed in Proposition 8 in ref. 2 may be slightly weakened. The
second theorem identifies a different class of bounded degree graphs for
which p, < 1; in particular the request of existence of a bi-infinite geodesic
is replaced by a very weak isoperimetric inequality condition.

In the third theorem we show that for planar graphs again p, < 1 for a
very large class of graphs, including graphs locally finited but not bounded
degree.

Theorem 1. Let G=(V, [E) be bounded degree, with maximum
degree 4, such that:

(i) G has the minimal cut set property.

(i) There exists a bi-infinite geodesic in G.

Then the critical probability p. on G, defined in (4.2), is strictly less
than 1.

Proof. Take x on the bi-infinite geodesic. We want to bound

1 G
yel'g
l=n

First note that, by (i), there exists r, such that every Peierls contour y € I
is ry-close. Therefore, a Peierls contour y with cardinality » has every pair
of edges at most ryn far apart.
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Consider now the geodesic diameter 6 = p U p’ in G from x, then, by
Proposition 2, E, Ny # & and E, ny # . Let e (y) (let e(y)) be the first
edge, in the natural ray order, of E, (of E, ) which belongs to y and define

0,(x)={ee€E,:Iye Iy such that |y|=nand e=e(y)}
Thus

Y 1= Y > 1<|6,(x)|sup Y 1

yelg e€dy(x) yelG:lyl=n ecE yelgll=n
n

|}'| ex(y)=e eey

Now, since p U p' is bi-infinite geodesic, |d,(x)| < max, dg(e. (), e.(y)).
Since {e.(y),e%(y)} =y and y is r, close, this means that dg(e. (), e%(y)
< ron and we obtain the bound

16, ()| < 7o

To bound the number of Peierls contour of cardinality # containing a fixed
edge e, we proceed as follows. Let now G, be the graph with vertex set V
and edge set E, = {{x, y}:ds(x,y)<r,}. G, is a connected bounded
degree graph with maximum degree 4, =max, .y |B(x,7)| <4 n+l Con-
sider now the support S, of y. Since y 1s ro-close, then the restriction S |G
is connected in G, Moreover 1 <|S,| < 2n. Therefore

wp Y 1<sup Y ) ZAW

eeE yelglyl=n xeV k=1 WcV:|W =k
eey W|Gr0 connected, xe W
i.e., finally
2n 2n
D 1<2rn Y, Ai’; <2 Y, [47°H]*F<C”
yelg ll=n k=1 k=1

for some constant C depending only on 4 and r,. ||

Theorem 2. Let G=(V,[E) be bounded degree, with maximum
degree 4, such that:

(i) G has the minimal cut set property
(i) It is possible to find a uniform constant C and a vertex x, € V
such that, for all finite connected W < V with x, € W, the inequality
1 .
|0, W] = c In diam(W) (5.2

is verified.
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Then the critical probability p, on G, defined in (4.2), is strictly less
than 1.

Proof. To bound the factor (5.1) we now proceed as follows. Since G
is connected and locally finite, for any x € V hence in particular for x,,
there exists a geodesic ray p starting at x,. Then, since y € I'®, we have, by
Proposition 2, that E, ny # (J. Let e, (y) be the first edge (in the natural
order of the ray) in E, which belongs to y and define

r.(x))={ecE,:Iye'¢ suchthat|yf=nande=e, (y)} (5.3)

Hence
Y 1= X Y  I<ph®Iswp ¥ 1
ye ;;0 e ery(x) yel“;;ox:|y|=n eck yelglyl=n
[yl=n ex(y)=e €€y

Now observe that

lr,(x)|< sup diam(Z)+1

yer'Q:hl=n
and by hypothesis (ii) of the theorem, i.e., inequality (5.2) we get

o () < C"+1

The factor sup,.; >.7efshi=n1 can now be bounded exactly as in
eey
Theorem 1. |

Theorem 3. Let G=(V,[E) be a planar locally finite connected
infinite graph with the following properties

(i) Its dual graph G* is bounded degree with maximum degree 4*.

(i) It is possible to find a uniform constant C and a vertex x, € V
such that, for all finite connected W < V with x, € W, the inequality

1
0. W | = c In diam(W") (5.4

is verified.

Then the critical probability p, on G, defined in (4.2), is strictly less
than 1.
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Proof. Proceeding as in Theorem 2, consider the geodesic ray p from
Xo. Then, since y e I'Y, we have that E, ny# (J. Let e, (y) be the first
edge (in the natural order of the ray) in E, which belongs to y and define
the edge set r,(x,) as in (5.3).

Then

Y =3 Y I<n(x)lsup Y 1

yeyelQ eery(x0) yeI'Q:pl=n eek yelglyl=n
[yl=n exg(N=e €€y

where, as before,
lpa(x0)l < C"+1

We now use the one-to-one correspondence between Peierls contours of
cardinality # in G and simple cycles of length n in G*, and we write

sup ), l=sup > 1 (5.5)
ecE yelgly=n e*eE* Yere hi=n
eey *
e ey

where I'g, is the set of all simple cycles in G*. Using now hypothesis (i) of
the theorem, it is now trivial to bound the 1.h.s. of (5.5). We get

sup Y 1<[4*]" (5.6)
ek y*el;E l=n
e ey

Hence we have again proved that

Y 1I<(C+ D[4 <K”

yely :lyl=n

for some constant K. |]

6. REMARKS AND EXAMPLES

First we note that in general the hypothesis (ii) of Theorem 1, namely
the existence of the bi-geodesic, is quite a strong condition on the graph
and in many cases it is not easy to be verified. Theorem 2, on the other
side, replaces it with a very mild isoperimetric condition. Such condition
appears to be optimal. More specifically the growth of the boundary of a
connected set with the log of the diameter generalizes a result presented in
ref. 9 about percolation of infinite subsets of the (two-dimensional) square
lattice.
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Z+y’=a. In(1+x) Y

y=[a In(1 -i-x)]1 :

%
X

Y

Fig. 1. A sketch of the (infinite) regions delimiting the subset ¥ = Z* and the subset ¥, = Z2

As an example, let 1> = (Z>, E®) be the usual three-dimensional cubic
lattice with vertex set Z°= {x= (m,, m,, my) :m, € Z} and edge set E“
formed by the nearest neighbor pairs of Z3. This is a bounded degree graph
which has the minimal cut set property. We also think to L* as naturally
embedded in R3. Let now V be the subset of Z* given by

V={v=(m,my,m)eZ:m >0,m;+m;<aln(l+m,)

Namely V is the infinite set of vertices in Z¢ “inside” the region of R?
delimitated by the revolution surface of equation r?>=aIn(1+x) where
r?=y?+z% ais a positive constant and y > 0 (see Fig. 1).

Consider now the graph G = 13|, which is the restriction of L* to V.
This graph does not admit an infinite bi-geodesic and is not planar, so
Theorem 1 and Theorem 3 are not useful. But it is easy to see that G satis-
fies all hypothesis of Theorem 2 and therefore has a non trivial percolation
threshold.

Indeed, the graph G is bounded degree and has the minimal cut set
property. It is also immediate to check that G satisfies the isoperimetric
condition (4.2). The worst cases are clearly when we choose connected
subsets of ' of the form

W,={v=(m;,my,m) eV :m <n+1}
where n > 1 in such way that |W,| > 2.

In this case we have that |0,W,| = no In(1 +#) and diam W, < 2(n+1).
Hence

|0.W,| S 7o In(1+n) LT
In(diam #,) ~ In2+In(1+n)~ 2
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It is interesting to notice that two-dimensional slices of G are not expected
to have a non trivial percolation threshold, i.e., Theorem 11.55 of ref. 9 is
not applicable. E.g., take the bi-dimensional (infinite) subgraph G|, of G
where

Vo={v=(my,my,m)eZ:m; >0,my=0,0<m, <./aln(1+m,)}

The graph Gl,, can be viewed as a subgraph of Z* of the type G(f) of
Section 11.5 in ref. 9 where f(u) is the non negative function on [0, c0)
given by f(u) =./aIn(14+u). We immediately see that this graph is not
“fat enough” to to ensure non trivial percolation threshold by
Theorem 11.55 of ref. 9, since f(u)/Inu— 0 as u— 0. So the graph G
could provide an example of sub-graph of Z* which percolates while no bi-
dimensional subsets of this graph possibly percolates. We also remark that
this example can easily generalized to Z¢ and other d-dimensional lattice.

Concering now planar graphs by this Theorem 3 one can establish
weather a planar graph has or not a non trivial percolation threshold,
without using any particular symmetry property of the graph (e.g., transi-
tivity).

In particular, Theorem 3 can be proved easily to be true for the a class
of tilings of the plane, usually referred in the literature as the class of
normal tilings (see, e.g., ref. 11). A tiling T of the plane is a countable
family T = {7}, T;,..., } of closed sets (called tiles) which cover the plane
without gaps or overlaps. A tiling T is normal if every tile T € T is a topo-
logical disk and it is uniformly bounded, i.e., there exists two positive
numbers Uy and uy such that 7" contains a disk of radius u; and it is con-
tained in a disk of radius U;. For normal tilings, the intersection of any
pair of tiles is empty or may consists of a set of isolated points or arcs. The
isolated points of a tiling are called vertices of the tiling and the arcs are
called edges of the tiling.

If V7 denotes the set of all vertices of the tiling and E; the set of all
edges of the tiling, then the graph Gy = (V4, Ey) is called the I-skeleton of
T. Note that Gy is locally finite if T is normal.

Now, the following corollary is an easy consequence of Theorem 3.

Corollary 1. Let T be a normal tiling. Then the graph Gy = (V¢, Ey)
has bond percolation threshold less than 1.

Proof. 1t is easy to see that if T is a normal tiling then G; is bounded
degree and G3 is also bounded degree. To prove that inequality (5.2) is
satisfied let us consider a set 7, = T formed by n = |T,| pairwise connected
tiles of T (two tiles are pairwise connected if they have an edge in
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common). Denote now by W, c V; the set of vertices in 7, and by P, the
subset of the plane which is the union of the tiles in 7,. Without loss in
generality, we can suppose that P, is a simply connected closed set of the
plane. Then the edge boundary d,W, of W, is a Peierls contour of G}. By
hypothesis the dual graph is bounded degree, i.e., a tile can have at most N
vertices, so that |W,| < Nn. Let now A(P,) be the area of the set P, and let
L(P,) be the length of the boundary of P,. By the assumption that the
tiling is normal, we have that A(P,) > n(nu3) and the boundary of P, con-
tains at least L, /Uy edges so that |0,W,| > L(P,)/Uy. Moreover, since P,
is some closed and simply connected set in the plane, then it is possible to
find a constant C such that L, , > C[4(P,)]"/*. Therefore we get

c c uy [ W, 12
OW,|=>L(P)/U; = —[A(P)]V*>— V2> cC SrL|
(OW,1 > L(B)[Us > 7= [A(B)]* > = [n(mi)] > € /n | =5

Since now |W,|'/? > In[ (diam(W, )], the inequality (4.2) follows. |

It is interesting to observe that the class of tilings satisfying the Pro-
position 3 includes quasi-periodic tiling of the plane such as the Penrose
tiling of Fig. 2.

It is finally important to remark that, as a possible further develop-
ment of methods and ideas illustrated in this paper, one could try to
modify Theorem 3 by strengthening the condition (4.2) (which, as we have
tried to show, is a a very mild condition) and at the same time by trying to
relax the condition that the dual be bounded degree in order to treat

A
s tma sy
o O R S
SARfzo\un/\s
BREss
)
JNaYNEREYN

Fig. 2. The Penrose tiling.
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proximity random graphs (which in general have a dual not bounded
degree) like, e.g., the f-skeletons on point Poisson processes of the plane.
These random graphs includes the Gabriel graph and the relative neigh-
borhood graph which are important for many applications.

ACKNOWLEDGMENTS

This work was supported by MURST (Ministero dell’Universita’ e
della Ricerca Scientifica e Tecnologica, Italy) and by CNPq (Conselho
Nacional de Desenvolvimento Cientifico e Tecnoldgico, Brazil). We want
to thank Itai Benjamini for a valuable suggestion about the formulation of
Theorem 3 and Emanuele Caglioti and Lorenzo Bertini for useful discus-
sions.

REFERENCES

1. K. S. Alexander, Percolation and minimal spanning forests in infinite graphs, Ann.
Probab. 23:87-104 (1995).

2. E. Babson and I. Benjamini, Cut sets and normed cohomology with applications to per-
colation, Proc. Amer. Math. Soc. 127:589-597 (1999).

3. I. Benjamini, R. Lyons, Y. Peres, and O. Schramm, Critical percolation on any nona-
menable group has no infinite clusters, Ann. Probab. 27:1347-1356 (1999).

4. 1. Benjamini, R. Lyons, Y. Peres, and O. Schramm, Group-invariant percolation on
graphs, Geom. Funct. Anal. 9:29-66 (1999).

5. I. Benjamini and O. Schramm, Percolation beyond Z¢, many questions and a few answers,
Electr. Comm. Probab. 1:71-82 (1996).

6. I. Benjamini and O. Schramm, Recent progress on percolation beyond Z¢ preprint,
http: //www.wisdom.weizmann.ac.il/mathusers /schramm /papers/pyond-rep/.

7. G. A. Braga, A. Procacci, and R. Sanchis, Analyticity of the d-dimensional bond percola-
tion probability around p =1, J. Stat. Phys. 107:1267-1282 (2002).

8. G. R. Grimmett and A. M. Stacey, Critical probabilities for site and bond percolation
models, Ann. Probab. 26:1788—-1812 (1998).

9. G. R. Grimmett, Percolation, 2nd ed. (Springer-Verlag, New York, 1999).

10. G. R. Grimmett and C. M. Newman, Percolation in co+1 dimensions, in Disorder in
Physical Systems, Oxford Sci. Publ. (Oxford Univ. Press, New York, 1990), pp. 167-190.

11. B. Griunbaum and G. C. Shephard, Tilings and Patterns. An Introduction, A Series of
Books in the Mathematical Sciences (W. H. Freeman and Company, New York, 1989).

12. O. Haggstrom, Markov random fields and percolation on general graphs, Adv. in Appl.
Probab. 32:39-66 (2000).

13. O. Haggstrom, R. H. Schonmann, and J. E. Steif, The Ising model on diluted graphs and
strong amenability, Ann. Probab. 28:1111-1137 (2000).

14. O. Haggstrom, Y. Peres, and R. H. Schonmann, Percolation on transitive graphs as a
coalescent process: relentless merging followed by simultaneous uniqueness, in Perplexing
Probability Problems: Festschrift in Honor of Harry Kesten, M. Bramson and R. Durrett,
eds. (Birkhauser, Boston, 1999), pp. 69-90.

15. J. Jonasson, The random cluster model on a general graph and a phase transition charac-
terization of nonamenability, Stochastic Process. Appl. 79:335-354 (1999).



Infinite Graphs with a Nontrivial Bond Percolation Threshold 1127

16

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

. J. Jonasson and J. E. Steif, Amenability and phase transition in the Ising model,
J. Theoret. Probab. 12:549-559 (1999).

R. Lyons, The Ising model and percolation on trees and tree-like graphs, Comm. Math.
Phys. 125:337-353 (1989).

R. Lyons, Random walks and the growth of groups, C. R. Acad. Sci. Paris Sér. I Math.
320:1361-1366 (1995).

R. Lyons, Probabilistic aspects of infinite trees and some applications, in Progr. Probab.
(Versailles, 1995), Vol. 40 (Birkhauser, Basel, 1996), pp. 81-94.

R. Lyons, Phase transitions on nonamenable graphs. Probabilistic techniques in equilib-
rium and nonequilibrium statistical physics, J. Math. Phys. 41:1099-1126 (2000).

R. Muchnik and I. Pak, Percolation on Grigorchuk groups, Comm. Algebra 29:661-671
(2001).

A. Procacci, B. Scoppola, G. A. Braga, and R. Sanchis, Percolation connectivity in the
highly supercritical regime, preprint.

R. H. Schonmann, Percolation in co+1 dimensions at the uniqueness threshold, in
Perplexing Problems in Probability, Festschrift in honor of Harry Kesten, M. Bramson
and R. Durrett, eds. (Birkhauser, 1999), pp. 53-67.

R. H. Schonmann, Stability of infinite clusters in supercritical percolation, Probab. Theory
Rel. 113:287-300 (1999).

R. H. Schonmann, Multiplicity of phase transitions and mean-field criticality on highly
non-amenable graphs, Comm. Math. Phys. 219:271-322 (2001).

R. H. Schonmann, Mean-field criticality for percolation on planar non-amenable graphs,
Comm. Math. Phys. 225:453-463 (2002).



	1. INTRODUCTION
	2. DEFINITIONS AND NOTATIONS
	3. CUT SETS, MINIMAL CUT SETS AND PEIERLS CONTOURS ON INFINITE GRAPHS
	4. BERNOULLI PERCOLATION ON G AND THE PEIERLS ARGUMENT
	5. RESULTS
	6. REMARKS AND EXAMPLES
	ACKNOWLEDGMENTS

